
Block Copolymer Directed Self-Assembly:
Optimal Design of Nanoscale Manufacturing Under Uncertainty

J. Tinsley Oden1 Danial Faghihi1 Max Gunzburger2 Clayton G. Webster2 Frank Alexander3

1Institute for Computational Engineering and Sciences (ICES), The University of Texas at Austin
2Department of Computational and Applied Mathematics, Oak Ridge National Laboratory
3Computational Science Initiative Directorate, Brookhaven National Laboratory

Abstract
The use of lithographic methods in the fabrication of contemporary
electronic devices is viewed as a key technology in the manufacturing of
nanoscale components. Among the most promising nano-patterning
methods for high volume, cost-effective manufacturing are those based on
directed self-assembly of block copolymers with morphologies guided by
chemical or topographic patterns. This work focuses on development of
predictive nonlocal mesoscale phase-field models of block copolymers and
their use in optimal design of nanoscale patterns. Of particular interests are
gradient flow models derived from generalizations of Cahn-Hilliard models
that include the effects of long-range molecular interactions. These effects
are captured by nonlocal models that are characterized by nonlinear
integro-differential equations. A Bayesian framework is developed for such
models to handle uncertainties in data, model selection, and model
parameters, with synthetic data for model inference furnished by high
fidelity models of copolymers. Finite element approximations are developed
and the results of preliminary numerical experiments are presented, which
depict very complex morphologies and which provide useful tools for
material optimal design employing complex patterning.

Motivation
The work is motivated by pressing needs to address important
mathematical and computational problems at the foundation of design of
multiphase materials and manufacturing of nanoscale devices. These
include development of predictive mathematical models of directed
self-assembly of copolymers and accurate and efficient algorithms based on
these models to resolve critical problems in material and nanodevice design.

Approach

Our approach to design of block copolymer directed self-assembly entails:

• The development of generalizations of contemporary phase separation
PDE models, such as Cahn-Hilliard-type, to include nonlocal effects.

• The development of finite element formulations, based on mixed FEM, of
nonlocal phasefield models. The development and implementation of
energy-unconditionally-stable time marching schemes to numerically
integrate the stiff ODEs resulting from semi-discrete approximations of
the phase-separation models.

• The development of rigorous mathematical proofs of existence of
solutions to nonlinear, nonlocal Cahn-Hilliard models.

• Bayesian calibration and validation of models, using synthetic data
furnished by experiments and/or high fidelity models, e.g., molecular
dynamics, and hydrodynamic self-consistent field theory, while accounting
for uncertainties in data, model inadequacy, and model parameters.

• The experiments that yield the most informative data are determined via
a solution of a formal optimal experimental design problem.

• The resulting predictive models are then used to optimally design and
control novel materials, e.g., that achieve desired pattern morphologies,
important in modern manufacturing.

• The optimal design problem is a stochastic optimization problem
constrained by the forward model with random parameters.

Preliminary Results

Directed Self-Assembly of Block Copolymers: A Platform for Nanofabrication

• Block copolymers (BCP): are composed of chemically dissimilar polymer chains that are covalently
linked. Repulsion between unlike monomers causes spontaneous phase separation.

• Directed Self-assembly (DSA): guiding the self-assembly by pre-patterned underlayer (in blue).

Figure 1:(left) 5nm line spaces of a BCP [1] (right) Chemoepitaxy DSA process [2]

Mathematical Model: Nonlocal Cahn-Hilliard
Nonlocal Cahn-Hilliard is a gradient flow equation: ∂tϕ = −∇·M∇µ = −∇·M∇DϕF (ϕ)
with ϕ an order variable and M mobility tensor. The free energy [3] is given by:
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Substrate boundary conditions (guiding pattern), ϕ = g(x) on ∂Ωs, produce different morphologies:

Bayesian Calibration and Validation [4]
Calibration of model parameters θ = (M , σ, ε, · · · ) and validation will be
pursued via transport-based large-scale variational Bayesian inference
methods [5, 6] using synthetic data furnished by high fidelity models (e.g.,
atomistic simulation, dynamic SCFT) and experimental data from e.g.
X-ray scattering from NSLS-II. Observational data include free energy
evolution and volume fraction of polymer A and B. Besides the
complexities of Bayesian inference of a Cahn-Hilliard model with data from
atomistic models, the nonlocal nature of the forward model [7] and the
need to account for model inadequacy [8] present substantial difficulties.
Reduced models will play a critical role [9] (see Webster et al. poster).
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Given a target block copolymer morphology ϕ∗ and the nonlocal
Cahn-Hilliard model calibrated by Bayesian inversion with random
parameters θ, find the optimal guiding pattern on the substrate, g(x), i.e.,
the one that minimizes the mean and variance of the difference between
the target morphology and the equilibrium morphology predicted by the
model. This gives rise to the following stochastic optimization problem:

min
g
J (g) = Eθ

[
‖ ϕ∗ − ϕ(θ, g) ‖2

]
+ αVθ

[
‖ ϕ∗ − ϕ(θ, g) ‖2

]
+ βP(g)

where M [∆(−ε∆ϕ + DϕW (ϕ))− σ(ϕ−m)] = 0 with ϕ = g on ∂Ωs Target morphology

where P imposes desirable properties on g. Special-purpose algorithms [10] that exploit the structure of J
will be used to solve this Cahn-Hilliard-constrained stochastic optimization problem. Another significant
challenge is the underlying nonlocal nature of the optimization problem [11].

Preliminary Results (Continued)

Optimal Experimental Design for Most Informative Data

For complex systems like block copolymers, observational data can be very expensive to
acquire, whether experimentally or via higher fidelity simulations. To determine the
experimental conditions w that provide the most informative data, we take an information
theoretic approach to the optimal experimental design (OED) problem. In particular, we
maximize (with respect to w) the expected (over the data) information gain,

max
w
F(w) =

∫
Y

∫
Θ

p(θ|y,w) log
p(θ|y,w)

p(θ)
dθ dy

where p(θ) is the prior, p(θ|y,w) is the posterior, and y are the data. This optimization
problem is extremely formidable; it is governed by a Bayesian inverse problem that is in
turn governed by a complex forward model. The experimental design and uncertain
parameter spaces may be high dimensional. Specialized methods are needed [12, 13].

Potential Impact

Our results can have significant impact on the design of electronic devices below 10 nm,
pushing existing technology to limits unreachable in recent years. This will enable the
generation of specific nanoscale patterns essential in elevating performance and reducing
cost of many classes of nanoscale electronic components. Among mathematical
developments, new goal-oriented a posteriori estimates of error in nonlocal models, will
provide a framework for developing effective methods of model reduction.

Synergy

The numerical algorithms developed for analyzing nonlocal effects in block copolymer
melts have direct application to the analysis of other phase-field models, such as
multi-species cellular models of tumor growth in living organisms, fracture and crack
propagation in solids, and other material science applications. Many of the methods we
develop will be applicable to a much broader set of Bayesian inference, OED, and
optimization under uncertainty problems governed by complex models in high dimensions.
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